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This   paper   investigates    the    probability    distribution   of    the      depth 
of      a    random  graph   G  or  a    random  digraph    D        .      We   show   the   average 

depth   of    a    random  graph   or   digraph    r.o   be    0(log  n),    for   all    (but    a    smalJ 
,    |  of    p.    We    furthermore    show   that    the    probability    thai 

the  depth  is  0(iog  n)  tends  to  1  as  n  tends  to  infinity  for  ill  (but  a 
small      range)      of      vaJnes      of      p.      We      also    prove    that    for    p    >    ___   (r    a 

3/T7 

particular  constant  >  1)  the  depth  d  of  G  or  Dn  is  less  than  or 
equal  to  3  with  probability  tending  to  1  as  n  tends  to  °° .  Although  the 
result  that  the  average  depth  of  G  is  0(log  n)  can  be  deduced  from 
results  of  Erd'os  and  Renyi  for  several  values  of  p,  the  result  for 
sparse  graphs  (p  =  0(_ ))  and  the  result  for  very  dense  graphs  (p  >   -—— ) 

n  /Ti 

are  new  contributions.  The  above  results  are  useful  in  studies  of  the 
expected  performance  of  parallel  graph  algorithms. 


c  y 


1.    INTROlii  cri    '• 


DEFINITION:  Let.  G  =  (V,K)  be  a  (directed  or  undirected)  graph  and 
let.  d(v,w)  for  v,w  g  V  be  the  Length  of  the  shortest  path  from  v  to  w 
if    any,    -  °°    otherwise.      Then    the    depth,    d(G),    of    the    graph   G    is    defined 

to      be      the  {d(v,w),l}.         Note    thai     Eoj      undirected    graph: 

v,  w  (=    V 

with  nontriviai  connected   components,   d(G)   is   the   maximum   of   the 
diameters  of  the  connected  components  of  G. 


The  random  graph  C     is  defined  here  as  in  [Erdos,  Renyi,  60]  and 


variable  whose  values  are  graphs  (digraphs)  on  the  vertex  set 
{1,2,.. ,n}.  If  e  =  {u,v}  (  resp.  e  =  (u,v))  and  u,v  g  {1,2,. ,,n}, 
u  ^  v,  then  Prob  {e  is  an  edge}  =  p  and  these  probabilities  are 
independent  for  different  e.  Note  that  we  refer  here  to  simple  linear 
graphs. 

In  the  paper  we  investigate  the  probability  distribution  of  the 
depth  of  a  random  graph  G  or  a  random  digraph  D  .  The  mean  value 
d  (and  bounds  on  the  probability  distribution)  of  the  depth  are  stated. 
We  prove  the  following  theorems: 


.  i  •       [hej  e      is               onstani                    !  in,    ,      i  ,,.,•       ,  ,, 

i  Lit.y   p   in   the  range    I",  I  I    -  |    — ,    - —  -  ( — )  ]    th.      ■. :   ijph   Gt|        has 

average    depth   d    =    0(log    n).       Furthermore,    prob    {d  I  i  ( 1 og    n)}    tends       to 
1    as    n    tends    to  °° . 


THEOREM      1.2:      There      is      a      constant      c()    >    2      such      that      for   any 


/c  Q     c  q 
1    -  ,    1  ,    the    digraph      D 
n        n ^ — —        n ,  p 

has    average    depth   d    =    0(iog    n).       Furthermore,    prob    {d    =   O(log    n)}    tends 
to    1    as    n    tends    to  °° . 


We    also   prove    that    for   p   >   - —  (c   a   particular   constant      >    1 )      the 
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depth   d   of  G     (or  D    )  is  less  than  or  equal  to  3  with  probability 

+  1  as  n  ->•  °° .   Although  the  result  d  =  0(log  u)   can   be   deduced   from 

results   of   [Erdos,  Renyi,  59]  for  several  values  of  p  (see  text),  the 

result  for  sparse  graphs  with  edge  probability  p  =  6(— )  and  the   result 

for  very  dense  graphs  (p  >   _ )  are  new  contributions. 

/n 


2.  PROOFS  OF  THEOREMS  1.1  AND  1.2 


We  prove  here  Theorems  1.1  ami  1.2, 


LEMMA  2.0:  Theorem  1. 1  implies  Theorem  1.2. 


PROOF:  Let  D  be  any  instance  of  D  .  The  depth  of  D  cannot 
exceed  the  depth  of  the  underlying  undirected  version  G  of  D  (which  is 
produced  from  D  by  removing  all  edge  directions).  However,  G  is  an 
instance  of  G^  with  p'  =  2p  -  p.  Theorem  1.1  holds  for  G  /,  for 
p'  in  the  range 


[o,i]  -[in,  n-(i°n 


where  Cq  is  a  fixed  constant  (to  be  determined  in  the  proof  of   Theorem 
1.1).     Hence,   Theorem   1.2   holds   for   Dn     for   p   determined   by 

p'  =  2p  -  p2  <=  R.  n 


2.1.   Proof  of  Theorem  1.1  for  p  =  6(1). 


We  prove  here  Theorem  1.1  for  undirected  graphs.   This  provides  an 
upper   bound   on   both   the  average  depth  and  the  depth  distribution  of 

I  Cq    2Cq       Cq   2 

Gn    for  all  p  =  9(— J  except  those  p  in  [ — ,  -  ( — )  ]  where   Cq   is 


>nsl  mi  for  paths  of  Length  d  Log  n,  'I  >  2.   This  provides 
a  part  La]  answer  to  the  problem  of   finding   the   depth   of   G     for 

p  =  9(— )  ,  open  up  to  now.  The  remaining  cases  of  p  =  o(— )  and  p  =  q(—  ) 
can  be  derived  by  results  of  [Erdos,  Renyi,  59]  (see  2.2  and  2.3  of  r.he 

. 

Consider      t.he      following    two-stage    experiment:    Draw   an    instance    of 

G  with   p      =  —   (c'    >   0).      Then,       for      each      edge      which      failed      to 

n'P1  l  n 

appear,      draw      again      with      probability      p^    =    _.         The      result      of    the 

is 

p  =  p   +  (1  -  p  )p   =  -L.  -  f— )"  =  ef— ).    The   first   stage   of   the 
1  12     n      n        n 

above  experiment  constructs  an  instance  I  of  G  .  Let  E  be  the 
event  "the  instance  I  has  a  path  of  length  6* log  n  (where  6  is  a  fixed 
constant)"  and  E  be  the  complement  of  E •  Let  us  consider  the 
probability  of   E  •   We  shall  need  the  following  Lemma: 


LEMMA   2.1   ([Erdos,   Renyi,   59]):   Given   Gn    with   p  =  -,  let 

be  the  number  of  paths  of  length  6*  log  n  in_  G    .   Then 
6* log  n  ,v 


lim  Prob  {t 

t^s*,  <$•  log  n 


...  6* log  n-2 

X  =  (2c)     8  ""   (6'io8  a) 


(6- log  n)! 


The   above    Lemma       in   b<  I  rove   that   "    ]  c(      •  0:       foi 

iph   G  wi  t.h    p     =  —  ha      al       east     om     path   oi     I  engt  h      •      tg   ti 


probability  +     1    as 


has  no  such 


path  with  probability  +  1  as  n  ►  °°"  (to  prove  that,  find  the  Cg  such 
that  X(c)  ♦  »  if  c  >  Cq  and  A(c)  ♦  0  if  C  <  Co  for  n  +  °°  ) .  Assume  in 
our  construction  that  c'  >  Cq.  Then,  Prob  (E)  >  1  -  n-01  ^c  ',  where 
a'(c')  >  2  is  a  constant  depending  on  c'.  Let.  us  condition  the 
following  on  the  event  E  . 


We   start.   from   the   vertices  of  the  path  T  of  length  6*  log  n  (at 

least  such  a  path  exists,  by  E  )  and  use  them  as  the  initial  border  set. 

bq   for  a  breath-first-search  (BFS)  process  in  the  graph  induced  on  the 
vertices  of  G     by  just  the  second  stage  of  the  experiment. 


Let  | Bq  J  =  S«log  n  and  let  us  find  the  distribution  of  the  number 
of  vertices  to  which  the  vertices  of  T  are  immediate  neighbors.  The 
set  of  these  vertices  will  be  the  new  border  set  of  the  second  stage  of 
BFS,  and  let  us  call  it  B^.  We  are  interested  in  the 
Prob  (IB^  >  2-6» log  n} .  Let  | SQ |  be  equal  to  | B0 |  =  6* log  n  (the 
number  of  visited  vertices  at  the  beginning  of  the  first  stage  of  BFS). 
The  unvisited  vertices  are  n  -  |SQ|  =  n  -  6«  log  n  and  each  of  them  has 
probability  hQ  =  1  -  (1  -  p  )5* lo8  n  to  be  connected  to  BQ.   Hence 


Prob  {\El\    =   x}  = 


•isj 


hnd  "  hn) 


n-6  log  n-x 


But   hQ  =  1  -  ( 1 

,   .  c'6  log  n 


The  mean  number  of  |B^|  is 


(n  -  |S0  H      '&    Jog 


r'6  Log 


Let  c'  >  2  and  Lei  us  find  the  probabiJity 
Prob  {|BL|  <  25. log  n  =  2|B0|}.  From  [Feller,  57]  pg.  140  this  is 
less  than 


Q  = 


26  log  n 


26  log  n         n  -  6  Jog  n  -  26  log  n 


l0 


(1  -  hQ) 


where 


(n  -  5  log  n  -  26  log  n  +  Ohg 
(n  -  6  log  n  +  Oh,-,  -  26  log  n   c'6  log  n  -  26  log  n    c'  -  2 


c'6  log  n 


Then  Q  is  asymptotically  equal  to 


n  -  6  log  n 
26  log  n 


c'  6  log  n 


26  log  n 


_  c'  6  log  n 


n-3  6  log  n 


26  log  (c'/2)    -c'6     c'     -6(c'-2  log  (c'/2))     -0 
1  •  n         ,    <  n  =11 

c  -2 


6(c'  -  2  log  (c'/2))  . 


Hence,  Prob  {  | B  L |  >  2-   | BQ  |  }  >  1  -  n-0  .   We  now  inductively  form  sets  Sk 
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. 


and    Bk   such    that    Sk    =   BQ  +   B  \     *-    .  •  •    +    B|       ";     '      =    1    -    d    -    |>2>         '      and 
\+l    being   selected   according    to   the   density 


Prob    {B.  ..    =   x} 


(n    -    S 


-Sv-x 


hk(1    "  hk} 


(This  models  the  BFS  process.) 


We  claim  that,  as  soon  as  |  S,  |  <;  _, 


Prob  {|Bi|  >  2  •  |Bi_1|  given  F}  >  1  -  n" 


F  =  A   (|B  |  >  2|B.  L|)  . 
j-l 

This   is   so,   since   the  first  extension  (from  the  smallest  border  set 
Bq  =  6* log  n)  is  the  most  difficult.   Then,  the  event 


Ej  =  A   (|B1|  >    2(Bi_1| ) 
i=l 


k+1 


B^i-  „-e+i 


has  probability  >      n   ( 1  -  n  p  )  >  1  -  n-0"*"1  and  let  k  be  the  last  index 

i  =  l 
for      which       |Sk|  <  "         Set       |Sk|  =y(l  "O     with 
I  Sfcl 


|Bk|  >  -±-   =  £  (1  -  e).  From 

|SR|  =  |BQ|  +  ...  +  |Bk|  >     |BQ|  +  2|BQ|  +  ...  +  2k|B0|       we       get 
|Sk|  >  (2k+1  -  1)|B0|,  implying 


•  10- 


k  =  log  (Ji  +  1)  -  1 

Bo 


log  {»  "JILL  +  i)  -  i 

2  6  log  n 


ig  ___ —  -  log  Log  n  -  1 

2<5 


Sk  +  Bk+1  >  Sk  +  2Bk  >  J  (1  -c)  +y  (1  -  c) 


So,  we  proved  that: 


LEMMA  2.2:  Conditioned  on  the  event    E  ,   the   BFS   process   will 

visit   at   least  n(l  -  e)  nodes  of  Gf     in_  T   stages  where  x      <  log  n, 

2      1  1 

with  probabiity  >  1  -  n~^+1. 


Let  us  allow  the  BFS  to  continue  until  it  can  visit  no  more 
vertices,  and  let  f  be  the  final  stage  (such  that  |Bf+j|  =  0). 
Consider  the  stage  f  <  f  such  that  | Sf ,  |  <  n  -  log  n  but  either 
lSf  +  ]J  >  n  -  log  n  or  |Bf/+1|  =  0.  After  f"  either  the  process  stops 
or  there  are  at  most  6* log  n  nodes  more  to  visit  and  this  cannot  take 
more  than  6*  log  n  stages  in  either  case.  At  f,  the  set  B^ , ,  of 
"unvisited"  nodes  is  at  least  of  size  5* log  n.  Consider  the  backward 
process   in   which   the   set  of  unvisited  nodes  increases  as  stages  are 


-1 1- 

\,  cuted   n  revi  se.   Che  nev  iroces;   Is   syi  imetrii   to   th   BFS   and 
because  of  the  symmetry  we  can  argue  that: 


LEMMA   2.3:   With   probability   at  least  1  -  n  e+1  ,  the  process  of 
■yard  BFS  will  reach  a  set  of  at  least  n(l  -  e)  nodes  in   numbei   oi 
stages  t2  <  log  n. 

By  Lemmas  2.2  and  2.3,  there  is  a  stage  number  x'  such  that 
f  ~  T  2  **  t'<  ti<  f  *-n  which  the  border  sets  of  the  two  processes 
either  coincide  or  one  is  a  subset  of  the  other.  Hence,  x'  +  x ,  is  an 
upper  bound  to  number  of  stages  up  to  stage  f  and  the  total  number  of 
stages  up  to  the  end  of  the  (forward)  BFS  is 
t'  +Tj  +5  log  n  <.  (2+6)  log  n.  The  probability  of  both  the  events 
considered  in  Lemmas  2.2  and  2.3  together  is  at  least  1  -  2n~"  . 
Hence  we  have  proved  that 


LEMMA  2.4:  The  diameter  of  the  larger  component  (and  hence  the 
depth  of)  G^  is  <  (2  +  6  )•  log  n  with  (conditional  on  E)_  probability 
at  least  1  -  2n~B+1. 

Dropping  condition  E,  we  get  that: 


The  depth  of  G    with   p  >    — _  -  f— )2   is  <  (2  +  6)  log  n   with 
n»P  n      n 
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i,:  obabj  .1  I  -  max  (  2i\~®  f '  ,n~"1''   '  , 

6  =  5(c'  -  2  log  (c'/2)). 

By  selecting  6  and  c'  suitably,  we  can  guarantee  a  probability   of 

-  y 
at  least  1  -  n    ,  with  y  >  2. 


Note      that  for     p  <  c'/n.  Lemma      2.4      implies 

Prob  {depth  of  G    <  6- log  n}  ■*■  1  as  n  +  «>.  Hence,  our   result   holds 

'  j    '             '2 

for   any   p,  ptf  [-1— ,  — 1-  -  f— )  ],  where  c'  is  the  cutoff  constant  for 

n  n      n 

paths  of  length  6* log  n,  6  >  2.   This  proves  Theorem  1.1   with   Cq  =  c ' 

for  the  case  p  =  6(1)  .  □ 


2.2.   The  Case  of  p  =  o(n~x) 


LEMMA  2. 5  (Erdos,  Renyi,  59]):  Let  the  "average  valence"  of  a 
graph  of  n  vertices  and  ra  edges  be  the  numbe r  2n/m.  Let  a  graph  be 
called  "balanced"  if  its  average  valence  is  greater  than,  or  equal  to 
the  average  valance  of  any  of_  its  subgraphs .  Then,  the  probability 
that  G^  contains  at  least  one  member  of  the  class  B^  ^  of_  balanced 
graphs  of  k  vertices  and  SL   edges  is 


Prob  {|Bk),|  >    1}  =  0(_L_; 


p  =  oCr,-'). 


PROOF:   For   p  =  o(n_1)   we   can   always  write  p  as  p  =  (c/n)«w  ~  („) 

where    C  >  0    is    a    constant    and    0)(n)  ■»  °°    as    n  ♦  °°  .     Let 

B  =  B  be  the  class  of  paths  of  log  n  vertices.   From  Lemma 

log  n,log  n-1 

2 . 5  we  get 


■  °( /,  ,„___  J  -  0(  °  )  ♦  0 


n*(jj  (n)« 


-log  a/log  n-1      u)(n)' 


The  above  implies  that  the  average  depth  of  Gn    is  less  than  log  n  for 
p  =  o(n   )  and  all  n  >  riQ  for  some  nQ. 


2.3.   The  Case  of  p  -  ^(n_i) 


LEMMA  2.6  ([Erdos,  Renyi,  59]):  Letp  =  (c/n)«w(n)  where  c  >  0  is 
a_  constant  and  w(n)  +  <*>  as  n  +  °° .  Tben,  if  |  B,  „  |  is  the  number  of 
balanced      graphs      of      the     class   B,     .    (k   vertices  £   edges)   contained   in 


-ob    {|Bk>£|    <tt(n)*}    =   O^) 


imp  ly  i_i  ig 


Prob  {|Bk>,|  =  0}  =  0(  (-!_)": 


COROLLARY  2.6:  The  depth  of_  G^    ig_  <  log  n  for   p  =  n(n   ),   with 

probability   going   to  1  a£  n  +  °° .   This  implies  that,  for  p  =  ft  (n   ) , 

the  average  depth  of_  G  is_  not  more  than  log  n  for   all   n  >  riQ,   for 
some  nn  >  0. 


PROOF:   Let   B,     be   the   class   of   binary   balanced  trees  of  n 
vertices,  n  -  1  edges.   Then 


Prob  {|Bk>,|  >  1}  >  1  -0((^)n_1)  • 


Prob  {\\ti    >  1}  +  1    as  n 


■I  5- 


3.    THE    CASE   OK   HIGH    DENSITIES,    p   >    cti    l/     ,    c    >    1 


)  I   ! 


LEMMA  3. 1:   The  depth  of   G    ,   for  p  > 
probability  tending  to  1  as  n  goes  to  °° .   Here  c  >  1  i 


en"  J    is  <  3,   with 
onstant . 


PROOF:  Consider  a 


ny  pair  u,v  of  vertices  G    .   Let  S   (resp. 


S„) 


be   the    sets    of    neighbors    of   u    (resp.      of    v) .      Then,    for   any   B  e    (0,0 


'rob   {|SU|    >   p(n   -    1)(1    -  3)}  >    1    -  e"*3    ^~1^2 


by    the  Chernoff    bounds    [Chernoff,    52].      For  g    =    1/2  we   get 


Similarly, 


Prob    {|S    |    >    ^l!1}    >    1    -e-^/g)n2/3 


Prob    {|Sv|    >    ^}>1    -e"^/8)-273 


Prob    {both    |S    I,     |SV|    >    ^^-}    >    1    -   2e-<c/8)n2A 


2/3 


Let  E  be  the  event  "both  |  Sy  |  |  Sy  |  >  -^ ".   Then, 


2 
—  n4/3 
Prob  {no  edge  between  Su>  Sy  given  E }  <  (1  -  p)   U  '  'V  <  (l  " -j^-)  * 


Hence,  combining  terms 


Prob  {3  path  of  length  <  3  between  u,v} 


,     n  -(c/8)-n2/3w      -(c3/4)-n         -(c/8)-n2/3 
>  (  1  -  2e  )  (  1  -  e         J  >  1  -  3e 


Hence,  Prob  {\/  pairs  u,v  3  path  of  length  <  3  between  them} 

,  2   -(c/8)n2/3    ■ 
>    1  -  3nz  e  +  1   as  n  *  <*> . 
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